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COMMUNICAT 1ION 1, PERIODIC SYSTEM OF TRE ELEMENT S A'\ZD ITS CONNECTQ%&
WITH THE THEORY OF NUMEERS AND WITH PHYSHIOCHEMICAL ANALYSIS

A, B, Kapustinsky

1, Introduction

‘The fundaments] law of chemistry = Meadeleev’s peziodic law = I maunifested in 2 great variety of ways.
It is moat Intimsately bound up with the theory of atomic structire, and the pesfodic system of the elemen!s dertved
from it consists in the classification of stoms accoxding to the structuzes of thelr electron envelopss, The electronic
‘theory of atomic structure and vélexcy covld zot have develdped, sad cannot coptinue to develop, without the dizect
and determining pasticipation of the Mendeleev law and the Mgeadeleev system, The question of the structire of the
perlodic system of the elemems has been the subject of Mexms.ibvewwm, which we have refermed to' 'n &
seriee of communications {1,2.8] In thess communications we have considered, In 2 conclse but sufficlently detalled
.fachion, the facts and principles that must find their expiession iz a moders schame of the sysem of elements. In the
present paper, n our considerations of the structure of the periodic systens &rived at in this way. we shall confize
ourselves to such exposition of the structire as is necesary for the comprehension of &4 ireatment ix which we tivow
further light on the system by the use of number theoyy aud physicochemicsl analysls,

The use of mathematics 4s 2 means of gezeralizing dats sbtzined by experiment, which s so chazzeteristic
of modern chem/istry, does not replace real physicochemical objects by fictitious, sbstract msthematicsl concepts.
The object in cur Inferences here, and Iz other flelds of sclence {for example, that of the phase rule) which gre
concemed with definite numerical relationships, Is to represent facts obgerved by chemists by means of geomeizic
models, and also to desczibe them with the 3/d of the language of mathematies. It Is quite obvious that the system-
gtlzation and descriptlon of known facts with the aid of mathematical terms and method canzot and does wot lead
to anything more then that which expeziment ylelds to the investigasos,

.2, Biructure of the Periodic System ef the Elements

The rational structuze of the periodic system of the elemexnts contaln 1 &) a zezs period azd zess group of
elements; b) a subdivision of the system nts even and odd periods and into cycles, which expresx 4 secendary per-
fodisity; ¢) an evolutionary represeutation of the matize of the elements {pzoio-elements =~ typlozl elements =
elements "of complete structure ™). In Fig. 1 4 stepwise zepresentation of the system is glven;  In this the blzck spots
.Tepresent elements of the even perlods and circles repoesert those of the odd peziods. The wumbess of elemeaxnts in
the periods and In the cycles, each of which consists of & pair formed by an even snd 27 odd period. gsze given below
the dlagram, The system Is complete up to centlum (z = 100). The same czan be expressed by mesns of 2 network
of cells (Fig. 2). The bold line sepresents 2 discontinuly; the cell scoupled by hydsogen rests stmultaseoysly oo
cells of groups Land VYL In the left past of the dlzgram the perinds 2wl cycles a7 given: sud below the sctinides
aud lanthanides are shown, The detslled derivation of thes represeniations ‘of the system, &s &l the srguments
relating to the pecessity of introducing the elecwon (e) and the zeutron (r) into the system, is nst gives here (see
[3]). We will add that in the table in Fig, 2 stomic weights are given and the recertly discovered elemanis »
Athenium (Am) and Cexntlum (Ct) axe included (as aisc In Fig. 1. The 6d shell is compieted at element 1043~

‘Paper read &t 2 confesence held in omow 'in Pecember, 1950, t commemozation of the foundizg, 30 JEEES
previously, of the D, L Merdeleev Frstitute of Chemicsl Technslogy.
#+ Szaborp proposes to call It ekahafrium [4]
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Fig. 1. Stepwise representation of the system

znd at the end of the system Is an atom of the inert-gas type belonging to the zero group, which it wouid be

comrect to call ekaradon (Ekagn). Altogether, there are 18 elements that have still not béen discovered: from cent-
fum (100) to ekaradon (118), There can be no doubt that in thefr preparation, as aise In thelr investigation, Men-
deleey®s law will play the same leading part as it has played up to the present.

3, Perlodicitv of the Properties of the El'emeuts,r and the Theory of Numbers

There can be no doubt that 11 is In the theory of mumbers that we find the best way of describing the perfodic
law and the perlodic system in matbematical texms, for this branch of mathematics concerns Hself with discontinuous
quantities. Although Mendeleev pofnted this out more than half a century ago [5], there have been no syssematie ¢
attempts to 2pply the theory of numpers i chemisury, ' -
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The usz of mathematics in chemistry is possibie on zccount of the comelation principle, which establishes the
comrespondence of mathematical forms and their wansformations with physicochemical objects and the changes that zhéy
.undergo, Therefore, we shall first estzblish corresponding chemical and mathematical concepts for examination,

Kurnakov [6]. i wrizing that “the law of constant and rmul
bers to chemiﬁt’yf, shared the views of Xummer |7}, accor

thelr principle —although in differert spheres of activiry =~ the same cohicept of composition®, Composition

‘ple proportioss is au application of the study of whsole num-
dingto whom “chemistry 2nd the theory of numbers hive as
ir chemisty



s expressed w/'th the &/d of the concept of element, and an elencent is a form of matertal to which a defm.ite puce
in Mendeleey's system corresponds, This definftion is in complete accord with that proposed by Kedrov [8]
element is a erccles of atoms that occupy one definite place in Mendeleev's system®, ,

“in the system, the cell, which is denoted by 2 serial number (the atomic or Mendeleev smmben is the ele~
ment's "passpart™, characterizing its individual nature, Tius to the number concept in mathematk:s there is 2 cor-
responding concept in chemiszy of atomic, or cell number, ~

.- Among 31 the kinds of periodic ?eaationships in chemistzy, the most perfect and all-embracing is the systein
of elements, Can there. be among the various mathematical funcdlons one that could express the extremely high
degee of organization and !nterrelationsh’p of discontinuous quantities; that would have a dual character, expressing
T n treelf the fnteracrion of these quantities and the unity of thelr opposing characteristics; that would be constructed
on the basls of the perfodicity concept, not in the sense of simple repetitivity, but a concept of perlodicity in itz
. evolution at ever higher and higher levels, althougk in the form of an abstraction =a forrn that expresses in fiself
the wansition from quantity to qualiy —a function that {rself determines the composition of the groupings that

arlse ¥

Mumber theory enables us 10 give an answer to this question, Let us suppose that we have the natural serles of
integers from 1 to 120 (the basis for the upper 1imit will be given later): .

1, 2,8 4.5 6 1, 8 9.i.viieaeenna..120

In this series particular sets of numbersdiow various forms of pericdiclty, as may be seen, for example, for
the Berroulll numbers; the repetitivity may vary greatly, Wwhich of the possible solutions corresponds to the criteria
given above? We may first of all eliminate the variant of simple mechanical repetition, for the main requirement
is the possibility of repetition that includes in itself evolution, ie., that continually passes to a higher and higher
level. This requirement comresponds to the next In order of reducing dmpliclty afier the natural series: the series
of squares of even numbers, 2%, 4%, 6%, 8%.., Le., 4, 16, 36, 64,... We then have a periodicity of defined number
cycles, wkich grow regilarly as we move fzom the beginning of xhe serfes, thus satlsfying the requirement given
above, . .

The sclutlon would remain incomplete if the concept of composition, so important from the chemist’s point of
view, were not expressed in it. According to the theory of numbers [9], every Integer has at least two factors:
i1self and unity, A pumber having only two factors is prime, and one having more factors Is composite, In the nat-
ural series of numbers 4 is the first and stmplest composite number, Hence, the question of the composition of
groupings of rumbers developing cyclically in the natural serles is equivalent to the question of repetitivity, in
conformity with rule, of the simplest composite numbez, Le., four, both as a beginning and as a basls, It has a2 sim-
ple and unequivocal solutlon, for the sets of numbers given above conslst in an stimes repetition of four, In fact,
every ene of them is expiess=d by the formula 4-1% where nis the mumber of the given grouping obtainad by
counting i owder from the baginning of the system, Thus, the sexies of matural numbers contains growing cycles,
each baving § members ard conforming to an extremely simple expression, which is not equivalent to other axioms,

or theorems, “aud which 1 intimately bound up with the mathematical concept of composition, namely:
S=4.n%, .

Ey giving n the values 1, 2, 3, 4 we find that Sbecomes 4, 18, 36, 64. This expression is symmetzical and is in

accord with the cziterion of evenness and, m fact, duality.- ' ’

The symmetry can be expressed by tbm condition stating that if t‘le basis of the system s four, then its number
of termms Is also four, We then obtaln a system af mmbexs,

4% +4.2%294-38 4 4- 4% = 120,

The evenness and dual character of this system permit us to break down each cycle into two halves. We have
an analogous pictire & 3 wave, which s composed of two halfowaves, We shall call them number periods, Accord-
ing todeéfinition, the number of numbers in the periods {which combing In palys 1uto cycles) will be (In order):

2288;8183&3‘2

The system under consideration, therefore, ferms itself 1120 two number “rays® of psilods ~ever and odd (ac-

cording ro the serial number of the period), let us consider the results s0 obtaired, Witn the aid of the theo:y cf

noambers and by an examinstion of the regularities found in the series of integers 1, 2, 3, 4, 5, 6 ....“12\), we cop-
clude that within the 1imits of such a sezles:
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{anr we have developed of Mendeleav's perlodic syatsm, The swustires of the two systems are identical, Al
parts of the two systems, {n agreemeny with 1be comelation winciple, coraspord with one another: ) mamber —



glement; b *bali-wave” or mumber period — pertod of the system of elements; ¢) Agmber cyciev-cyc'ie of the sys-
tem of elements, which combines within lseif an even and an odd period,

It is obvious, of course, as we emphasized at the very beginning, that we have here a correspondence, not ag
identity, There is no simple equality between a mathematical number and a Mendeleev number. The former gives
& formal ordinal numbesr in the system, and.the latter, in as much as the first two elements, the electron and nee-
tron, have zero Mendeleev nimmbers, s edual to the nucledr charge., However, even the electron sud the neutsen,
being individuals, correspond i the mathematical system to numbers (1 and 2). For this zeason there is a displace-
. ment by two places {n the succession of “chemical® munbers fn comparison with the ,'ma:!gematical” nuinbers, a
circumstance that is without fundamental or practical significance for the mathematical expression of the periodic
sysiem of elements. What, then, is the physical meaﬁi:xg of the aumbers that sun 1ike a red thread through the sys~
tem under consideration, le,, 2 and 4%,

First of ali, it will be noted that 2 ‘= the two pnss.ble values of the spin, and 4 is the four quantum numbers
& P d, and {. But the most general and therefore the most comect explanation 1s that 2 expresses the diral character
of the system of elements, and the $mplest composite nirmber 4 {s the number of proto-clerents (electron, neutron,
proton, e-particle), which lie &t the basts of the system and enter into the compesition of the atoms of the femaiﬂf
ing elements, All that we have expounded here, ¢f course, is applu:able both to the evolutionary and to the ce
represextation of the system. :

The concept of "system® is wider thar that of "pe:kdic jaw® in its generally accepted formulaifon, It is true
that 2 mathematical analysis of its structure indicates an exact correspsndence between the systern and the law of
the periodic dependence of properties on the place occupled by the element in the systers (Mendeleev perlodiclty),
but that is not all, X emerges very strikingly from the system that the periods themselves, being repeated ina
cycile fashion, exhibit a ®periodicity of periods”, or secondary periodicity, which was first discovered by Biron [10);
1t is not expressed at all in Mendeleev’s formulation of the law and it closely associated with the general structure
of the gystem In accord with the resulis of experimental chemistry 21

What we kave giver: above is not a mathematical derivation of the periodic system of eiements. It {s irupos-
sible to derive a real physical law from abstract aumbers, Alzo, the correspondences that we have established are
in no way intended as a replacement of the perlodic Iaw, in all its variety, by stinple math2matical equations;
they arg Intended to thiow light on one pari, although it is a very important part, of the problems relating to the
scucture of the system of elements, V& arz concerned only with the mathematical expression of experimentally
found generalizations, but this is indeed a step toward the goal of Mendelecy ~the discovery of aun exact expression
of the pericdic law and of the periodic system of elements,

+

4. Physicochemical Analysis and Geosmetry of the Structure of the Mendeléev

Periodic System of Elements

i

Graphical tepresentstion of various physicochemical systems and processes is.widely used in general and phys-
ical chumistry, It has found its widest application in Kumakov’s physicochemical analysis, which brings together
chemlstry and geometry on the basis of corrélation piinciples and of the continuity of transformations, and which
ensbles us to make a new approach to the concept of the chemlcal individual, '

It is possible that further development of the s’cudy.of singular polnts In ccmpoﬁzion--'pz’aperty.dia grams will
reveal new methods for the graphical interpretation of Mendeleev®s periodic law, in 4s much as the correspondence
of any individual (daltonide) to & singular paint coincides with the correspondence of an element ~which is & chem=
fcal individual — to the concept of a special point in geometry, At the present thme, however, at leagt without
fundamental changes in the basic principles of physicockemical analysts, it is impossible to count cn success in this
direction,

The reason for this is that the method of physicochemical analysis, which can be successfully extended o any
composition—property diagrams whatever, Is strictly based on thermodynamical principles, as Kwrnakov emphasized
[6). There 1s  good reason why the main concep? with which &t operates should be the concept of 2 phase, homo-
geneous and continuous, as defined by classfcal thermodynamics. This is closely related to the fact that the prin-
ciple of continulty of tz*msfazmat@m gecuples the foremod place in the thesry of physicochemical analysts, The
main laws, obtained in strict fadhion by the use of above-described eoncepts, are extended further to pon-cquilibrixm
systemns 4nd nozn-thermodynamical properties.



Howeves, neither the concept of *he vhace nor the prirciple of continuity of transformations Is applicable ta ’

* the analysls of the periodic system of the elements. In the {irst place, the perlodic system {2 a system of stoms,

It relates essentlally to isolated atoms and also has 2o specific character such as is peculiar to statistical assemblies,
Qe.. phases, and is therefore ltke any genesalization relating to the structures of atoms and molecules, In the -
second place, at least in the avallable range of temperature and pressure, there aze no states of equilfbrium and
coTtinuous transformations between the various elements; the periodic, law cannot therefore be 2xpressed with the -
aid of continuous femcdom Hence, the geometry of the structure-of the pexiodic system of elements must also be
the jeometry of discontinuity. Here lies the essential difference from the usually applicable methods of physico-
chrmical analysis, In all othezrespects, however, the tdeas upon whick Kurpakov based the theory of sompositisn~
property diagrams are quite applicable to the solution of the question of the "eometr.,cal represeniation of the strne=
ture of the periodic system of elements, : -

In accord wir.h the corzespondence prizciple, the concant of the elemert wdlsc‘czztizmous geometrical figures
has s counterpart in the elementazy square of cell. The next concept in complexity, the pesiod, corresponds io &
parallelogram (rectangle); the mumber of cells that if contsins, which iz équal to its area, is the rumber of cle-
reents {n the perfod, Two contiguous periods (even ard odd) takex together form a single cycle of the sysiem,
Thus, the geometrical counterpart of the cycle in the system of elements is the square, which is composed of two
rectangles (right and left); its symmetry is expressed fn {ts square outline, and the number of cells that ua cortalns,
which is equal to the number of elements, is Lhe**efo*e determxmed by the quad:atic expression: S =4z * where o
1s the series of integers,
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Fig. 4, Representatiows of cycles,

Starting from thts co:reapondpme of elemenls and structuzal pasts of the periodic system with discontinicns
geometrical forms, we can construct the corresponding representations for each of the cycles (Figiwres 4 and 55, fn
each square the cells cozrespondi*zg to the elements ate disposed in the order of the Mendeleev aumbers of the ele-
ments, The “anisotropy® of each squase consists in the fact that evey and odd numbezs (Mendeleev mumbers) are
brought together in alternative horizontal rows, thus br inging together Shch,xkarev s artlads and perissads [11] (de=
noted by A and P). Above each squsre the mumber of the cyele (C) is given, and abcve esch reciangle, the sumber
of the period, , .

It will be seen fzom the mimber of varlables under examination that the system cannot be completely epre-
sented on 4 plane: It can be represented o only in three-dimensional space, A three<dimensional figure cmwr’rg
squares in the form of sectons parallel to the base separated by distances proporticnal to the capacities of the cyc les ~
isto be found in a truncated tetragonal pyramid (Fig. 6). which bas 2 symmetry that is characteristic of the shwctas
af Mendeleev's periodic systemn of elements and which consists of two halves, related symmetzically as minos ime
ages, which are assigned 1o ever and odd perlods, respectively,
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This three-dtmwensionsl form of represcntation can be I S No. of ele-
projected onto the hase. The figure so obtained also prese © Cycles (= f"f 3:, ;ﬂ’i“d B33 %ments in
& geometric expression of the structure of the perisdic sys- o T _ + CulS cycle
tem of elements (Flg. 7). In the examination of this dizgram, . )
as 2150 of the previous ones, it must be remembered that iris - o S 2! S <
concerned with the geometric represenation of the system and ‘ ' ' 2
is ot ntended to replace in any way the e M_,miuﬂonary and : , Aumbe; oi eﬁemenﬁs '
sabular forms-of the system (see Secticii 2)7 “inm pﬂgﬂ.@d\i

In the geometrlc form given in Fig, 7, the imerrelations
of elements, periods, cycles, and (along the dizgonal) groups
are presented, The bopndaries of the cycles are fndicated by
bold lines, All other Indications ars given dirertly on the
figure, Such a diagram epables the interrejationship between

‘211 the concepis.tsed in the congtruction of the perlodic sysem
‘to be represented in an extremely graphfe fashlon,

Flg. 7. ',onjeétilén on the base of the .
fpazlal repressntation of the system, . .

[4

Just as, accerding to Kwsnakov [61, any composition = property diagram is a clused complex, o in the disgram
that we have advanced fozr the periodic system of the elements we find, using the word in the same génss, 4 cloged
dizgram, t

'.rhe geometrle lnerprerazion of the perlodic system s in complete accord wixh the representation of th.e $ys=.
fem in terms of sumber theory, “The system wesents {2sedf to us as a unified whole, hazmoniausly developad and
having a regalar and logleal gructre, answering i splrit and sense the dﬁai@ﬁ&dﬂl‘ “system; s fundamental com=
pleteness {s exident; & Is fxcomplete only wih respect 1o the discovery of pew elements, In the effecting of which
it will formp, as.it has done in the past. 2 leading thread in the Investigations, All ehat we have expounded above
will help {1 the reallzation of Mandeleev's gnal: o glve matbematical :epraseamtimwf the systern with the ai.d
of mmbex thepry and the geometzy of di.scomﬁmsus quantities,
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SOUMMARY

1. A horizontal, ceu-form rew:csentatio" of the periodic system of glemants is given m which

a) a zero period (electran, neuuon) and zers group (neutron, ke, Ar, Ne, Kr, Xe, Ra, ekaradon) arc iz~
cluded; :
b) subdivision is inte pericds and cycles expressing secoadaxy periodicity;

) there is a hydrogen “cell® ad;oi.n.ing Groups I and VIL

2 It has been shown that she structure of Mendeleev®s periodic system can be described with the ald of
number ;heory. and Kurmakov's nh) sicochemical analysis is applxsd to-the geometric representation of the perlodic
systemi, S .
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